In recent years, there has been a growing interest in generating and focusing cylindrically polarized waves due to their unique properties and possible application in light shaping[@b1]. The hollow rings have great potential in many optical applications, such as optical microscopy[@b2], optical tweezers[@b3], and nanolithography[@b4]. Reducing hollow ring size is of particular importance in further enhancing the optical resolution. Hollow focal spots can be generated by utilizing nanostructures[@b5] and the vortex phase plate[@b6]. An alternative way to generate a tight hollow ring is to focus an azimuthally polarized wave. Recently, special attention has been given to azimuthally polarized waves because of their unique properties in focusing and microscopy. Focusing of azimuthally polarized wave by high numerical aperture (NA) aplanatic lens has been extensively studied theoretically[@b6][@b7][@b8][@b9][@b10][@b11][@b12][@b13][@b14]. For a wavelength λ, a full width at half maximum (FWHM) of 0.24 λ of a ring size was theoretically predicted for an objective lens with a numerical aperture (NA) value of 1.4. However, its central ring peak was surrounded by a huge sidelobe ring, which was about 44 times larger than the central ring peak itself[@b14]. Planar focusing lenses are more attractive than conventional optical lenses because they are small, lightweight, and easily integrated. A planar plasmonic metalens based on the parabolic phase profile was proposed for the tight focusing of azimuthally polarized light, but the FWHM of the hollow ring was still larger than the diffraction limit[@b15]. Perfect lenses based on negative refraction have also been proposed for sub-diffraction focusing and imaging with resolution of a few nanometers for visible light[@b16][@b17]. However, like those lenses[@b18][@b19][@b20] utilizing evanescent wave, their working distance is limited within a wavelength. Super-oscillation is an effective way in shaping sub-diffraction optical structure in far-field. To achieve a long working distance, super-oscillatory lenses have been proposed for far-field sub-wavelength focusing beyond the diffraction limit[@b21][@b22][@b23][@b24][@b25][@b26][@b27][@b28]. Recently, lenses based on quasi-continuous amplitude modulation[@b29] and binary amplitude-phase planar mask[@b30] have been demonstrated for the sub-diffraction focusing of linearly polarized light in experiments. A binary amplitude-phase-mask-based super-oscillation lens was also reported for the sub-diffraction focusing of circularly polarized waves with an ultra-long focal length and small NA[@b31]. Metamaterials[@b32][@b33] are promising building block for super-resolution lens. A lens based on metasurface was reported for ultrabroadband sub-diffraction focusing[@b34], however present metasurface suffers from the low transmission rate. Super-oscillartory lenses were also reported for applications, such as super-resolution microscopes[@b24][@b35][@b36] and telescope[@b37]. This provides a new way to generate a sub-diffraction optical hollow ring. In this paper, we propose a far-field diffractive planar lens based on binary phase mask, which is designed with an ultra-long focal length of 600 λ and a small NA of 0.64. The lens focuses an azimuthally polarized wave into sub-diffraction hollow ring with an FWHM of 0.61 λ, smaller than the diffraction limit 0.78 λ. A small sidelobe level was also observed on the focal plane.

Materials and Methods
=====================

Theoretical design of sub-diffraction lens
------------------------------------------

[Figure 1(a)](#f1){ref-type="fig"} illustrates the generation of the sub-diffraction hollow ring by shaping the azimuthally polarized wave with a planar binary phase lens. The geometrical structure of the lens is depicted in [Fig. 1(b)](#f1){ref-type="fig"}. The lens consists of a series of concentric Si~3~N~4~ rings grown on the top of a glass substrate. The width and the thickness of the rings are *T* and *t*, respectively. The binary phase was realized by controlling the Si~3~N~4~ stripe thickness 0 and *t* for the phase changes of 0 and π, respectively. The value of *t* was obtained by *t* = *λ*/2(*n*~Si3N4~-1), with *n*~Si3N4~ being the refractive index of Si~3~N~4~.

A lens based on binary phase modulation was designed for a normally incident wave with an azimuthal polarization at wavelength λ = 632.8 nm. In the design, the diffracted electrical field was calculated with angular spectrum method[@b21], and the lens phase spatial distribution was optimized by using particle swarm optimization algorithm[@b38]. The electrical field of an azimuthally polarized wave can be expressed by the superposition of linearly polarized TEM~01~ and TEM~10~ Gaussian modes[@b39], as given by [Equation 1](#eq1){ref-type="disp-formula"}, where *E*~0~ is the incident electrical field amplitude, *w*~0~ is the beam waist size, *z*~0~ = *πw*~0~^*2*^/λ is the Rayleigh range, *R*(*z*) = *z*\[1+(*z*~0~/*z*)^2^\] is the radius of curvature, *w*(*z*) = *w*~0~\[1+(*z*/*z*~0~)^2^\]^1/2^ is the beam width at *z*, and k = 2 *π/*λ is the wavenumber.

The incident beam intensity profile is Laguerre--Gaussian with *w*~0~ = 331 μm and *z* = 276 mm ([Fig. 2(a)](#f2){ref-type="fig"}), and shows a peak-peak diameter of 830 λ and a hollow ring FWHM of 399.5 λ. According to the vectorial angular spectrum method, there is only an azimuthal component in the electrical field diffracted by the circularly symmetrical lens. The electrical field on the focal plane at z = z~*f*~ is given by [Equation 2](#eq2){ref-type="disp-formula"}, which was obtained by applied the vectorial angular spectrum diffraction formulas[@b21][@b27] to the azimuthally polarized light with circular symmetrical intensity distribution in cylindrical coordinate.

where *φ* denotes the polarization direction of the incident light, *r* and *ρ* are radial coordinates in the spatial and frequency domains, respectively, *g*(*r*) and *t*(*r*) are the incident beam electrical field distribution and the lens transmittance function, respectively, *J*~1~ is the first-order Bessel function, and *q*(*ρ*) = (1/λ^2^-*ρ*^2^)^1/2^.

The radius of the lens is *R* = 500 λ, its focal length is *f *= 600 λ, and its numerical aperture (NA) is *sin*\[*arctan*( *f*/*R*)\] = 0.64. Therefore, the corresponding diffraction limit is 0.78 λ (0.5 λ/NA) and the super-oscillation criterion is 0.59 λ (0.38 λ/NA)[@b40]. The value of *T* is 500 nm, which is smaller than the incident wavelength of 632.8 nm. [Figure 2(b)](#f2){ref-type="fig"} gives the optimized phase spatial distribution on the lens in the area with radius less than 120 λ (the details of the phase spatial distribution can be found in the [supplementary materials](#S1){ref-type="supplementary-material"}, where the phase 0 and π correspond to t~Si3N4~ values of 0 and 348 nm respectively). The theoretically optimized electrical field distribution on the focal plane was depicted with respect to the radial coordinate in [Fig. 2(c)](#f2){ref-type="fig"}, which shows the cross-section of the optical hollow ring intensity (red). The peak-peak diameter of the hollow ring is about 1.156 λ and the FWHM (as indicated by the blue arrows) is about 0.57 λ, which is almost half of the peak-peak diameter, and smaller than the diffraction limit of 0.78 λ (0.5 λ/NA) and the super-oscillation criterion of 0.59 λ. The sidelobe intensity on the focal plane was found to be less than 5.1% of the hollow ring peak intensity, leading to a very clear field of view in the region \[−1050 λ, +1050 λ\], as shown in the inset of [Fig. 2(c)](#f2){ref-type="fig"}. We also found that the FWHM of each peak (as indicated by the orange arrows) is about 0.61 λ, which is also smaller than the diffraction limit of 0.78 λ. This sub-diffraction feature was also reflected in the phase distribution (blue curve), which shows a sharp phase inversion, or a phase change of π, at the first minimum at *r* = 1.3 λ. This sharp phase change is a direct evidence of super-oscillation.

Numerical simulations
---------------------

The COMSOL Multiphysics software was used to conduct the simulation of the optimized lens with real physical Si~3~N~4~ ring structures. Following the optimized phase distribution, a real lens structure, as given in [Fig. 1(b)](#f1){ref-type="fig"}, was constructed in the COMSOL Multiphysics (The detailed structure information can be found in Table 1 in the [Supplementary Information](#S1){ref-type="supplementary-material"}). The ring thickness is *t* = 348 nm for phase π and a Si~3~N~4~ refractive index of 1.91. The parameters of the incident azimuthally polarized wave are the same as those used in the theoretical design. In the simulation, scattering boundary condition and perfectly matched layer was used to avoid unphysical reflection from the boundary. According to the simulation results, the focal length was 599.8 λ, which is quite close to the value of 600 λ in our theoretical design. [Figure 3(a)](#f3){ref-type="fig"} gives the color map of the optical intensity on the focal plane. [Figure 3(b)](#f3){ref-type="fig"} plots the corresponding optical intensity against the radial coordinate, which shows a hollow ring FWHM of 0.565 λ and a peak-peak diameter of 1.16 λ. Both the FWHM and the peak-peak diameter are quite close to their corresponding values from the theoretical design. In the inset of [Fig. 3(b)](#f3){ref-type="fig"}, the focal plane optical intensity distribution is plotted for both theoretical design and COMSOL simulation for comparison, and two plots show an excellent agreement. According to the COMSOL simulation, the variation of the FWHM, peak intensity, and sidelobe ratio (the ratio of the maximum sidelobe to the peak intensity) were plotted along the optical axis in [Fig. 3(c)](#f3){ref-type="fig"}. We found that the FWHM of the hollow ring was smaller than the super-oscillation criterion of 0.59 λ in the area of 597 λ \< z\< 602.7 λ around the focal point z = 599.8 λ. In the area of z between 599 λ and 600.8 λ, the sidelobe ratio was less than 10%. The FWHM of the hollow ring in the z direction (propagation direction) was about 4 λ, as indicated by the arrows in [Fig. 3(c)](#f3){ref-type="fig"}.

Results and Discussion
======================

Lens fabrication
----------------

A micro lens was fabricated using electron-beam lithography and dry etching. The detailed geometrical structure of the micro lens is shown in Table 1 in the [Supplementary Information](#S1){ref-type="supplementary-material"}. A 500-μm thick sapphire glass was used as the lens substrate. A Si~3~N~4~ layer was first deposited on the substrate with PECVD coating, and its refractive index was characterized with ellipsometry, which yielded a refractive index of 1.91. The thickness of this dielectric layer was about 348 nm, corresponding to the relative phase change of π. Dry etching was adopted to form the Si~3~N~4~ dielectric ring structures. [Figure 4(a,b)](#f4){ref-type="fig"} shows the SEM images of the micro lens.

Experimental setup
------------------

To experimentally generate a sub-diffraction optical hollow ring, the incident azimuthally polarized wave was first produced by illuminating an s-wave plate (Workshop of Photonics, Lithuania) with a normal incident linearly polarized Gaussian beam at a wavelength of 632.8 nm from a He-Ne laser. The power of the azimuthally polarized light was about 4 mW. In [Fig. 5](#f5){ref-type="fig"}, the intensity profile of the azimuthally polarized wave on the incident surface was illustrated for five different directions with angles of 0, 0.2 π, 0.4 π, 0.6 π, and 0.8 π crossing the beam's center. The peak-peak diameter and FWHM of the incident azimuthally polarized wave were about 836 λ and 415 λ, respectively, similar to the theoretical values of 830 λ and 399.5 λ, respectively, in the design ([Fig. 2(a)](#f2){ref-type="fig"}). We also noticed that the intensity distribution did not exhibit perfectly circular symmetry because of difficulties in optical alignment.

In the experiment, the azimuthally polarized wave was normally incident on the lens from the substrate side. The diffracted optical intensity distribution was measured after the lens with a tapered optical fiber probe (CFN-100 of Nanonics Imaging, Ltd., Israel) mounted on a 3-D piezo nanopositioner (P-561.3CD of Physik Instrumente GmbH & Co., Germany). The probe tip diameter was 100 nm. Although the probe size has convolution effect on the experimental result, it was found to be small and can be ignored in our case. The spatial resolution and scanning range of the nanopositioner were about 10 nm and 100 μm, respectively, for each of the x, y, and z axes. The collected photons were detected by a single photon detector (SPCM50A/M of Thorlabs, Inc., USA). By moving the 3-D nanopositioner, the fiber probe was able to scan the optical intensity distribution in the plane perpendicular to the optical axis at different distances.

Experimental generation of sub-diffraction hollow ring
------------------------------------------------------

The focal plane was found to be approximately 380 μm (600.5 λ), which was similar to the theoretically predicted value of 600 λ and the COMSOL simulation result of 599.8 λ. [Figure 6(a,b)](#f6){ref-type="fig"} give the 3D and 2D color maps of the optical intensity measured on the focal plane, which show a clear hollow ring structure. Due to the difficulties in the optical alignment mentioned above, the focal hollow ring was not symmetrical. The optical intensity varied around the circumference of the central peak lobe. To evaluate the size of the hollow ring, the normalized intensity distribution was plotted along the x direction and y direction across the center of the hollow ring in [Fig. 6(c,d)](#f6){ref-type="fig"}, respectively. The peak-peak diameter of the hollow ring was 1.19 λ and 1.14 λ in the x direction and y direction, respectively, and these values are quite close to the value of 1.16 λ obtained in the COMSOL simulation, depicted in [Fig. 3(b)](#f3){ref-type="fig"}. For further comparison, the normalized COMSOL simulation result is also given in the [Fig. 6(c,d)](#f6){ref-type="fig"}.

Except for the symmetry, the experimental results show a good agreement with the intensity shape from the theoretical simulation. The hollow ring FWHM is 444 nm (0.702 λ) and 356 nm (0.563 λ) in the x direction and y direction, respectively, and both are smaller than the diffraction limit of 0.78 λ. The FWHM in the y direction is even smaller than the super-oscillation criterion of 0.59 λ. To better evaluate the hollow ring's size, the FWHM was measured along the 16 different directions with equal angle steps of 24°. We obtained an average FWHM of 386 nm (0.61 λ), which was smaller than the diffraction limit of 0.78 λ and close to the super-oscillation criterion of 0.59 λ. The corresponding average peak-peak diameter was about 720 nm (1.14 λ), which is also similar to the COMSOL simulation result of 1.16 λ, as shown in [Fig. 3(b)](#f3){ref-type="fig"}. A long-range scan was taken along the x direction to investigate a large area of optical intensity on the focal plane, as shown in [Fig. 7](#f7){ref-type="fig"}, which gives a clear field of view in the area of \[−39 λ, 120 λ\]. The measured maximum sidelobe was less than 10% of the maximum peak intensity. Numerical investigation was conducted to find out the influence of fabrication error and optical misalignment on the optical intensity distribution on the focal plane. It was found that off-axis incident and tilted incident have major contributions to the asymmetrical optical intensity distribution on the focal plane.

Conclusions
===========

It has been demonstrated that a sub-diffraction hollow ring structure can be obtained in the far-field by shaping an azimuthally polarized wave with a micro planar lens based on the binary phase mask. The planar lens was designed and fabricated with an ultra-long focal length of 600 λ and small NA of 0.64. Experimental results showed that a hollow ring was generated with an FWHM of 0.61 λ, which is smaller than the diffraction limit of 0.78 λ. The measured peak-peak diameter of the hollow ring was about 1.14 λ and the sidelobe's ring intensity was less than 10% of the central lobe's maximum intensity. Compared with conventional lenses, sub-diffraction lenses can achieve the same FWHM with smaller NA, and therefore realize a much longer focal length and working distance, which is important for detecting the information deep inside the sample. A hollow ring with FWHM smaller than 0.36 λ (or even smaller) is also expected to be achieved by further increasing the NA value and employing more phase values during the design and fabrication stages. Such a sub-diffraction planar lens with an ultra-long focal length has great potential in further improving the optical resolution of stimulated emission depletion (STED) microscopy, optical tweezers, and nanolithography. This planar lens is also attractive due to its unique properties, including its small size, light weight, and ability to be easily integrated. This method can also be adopted for the generation of sub-diffraction hollow ring in other spectrum ranges, such as infrared and terahertz.
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![(**a**) Generation of a sub-diffraction hollow ring by shaping the azimuthally polarized wave with a planar binary phase lens, and (**b**) the micro lens structure.](srep37776-f1){#f1}

![(**a**) The normalized theoretical intensity and phase distribution of the incident azimuthally polarized light; (**b**) the optimized lens phase distribution; (**c**) the designed intensity and phase distribution on the focal plane. The inset of (**b**) is the zoom-in plot of the lens phase distribution and the inset of (**c**) is the normalized intensity on the focal plane.](srep37776-f2){#f2}

![COMSOL Multiphysics simulation results.\
(**a**) The color map of the intensity distribution on the focal plane; (**b**) the variation of the optical intensity along the radial direction on the focal plane; (**c**) the change in the FWHM, peak intensity, and sidelobe ratio along the propagation axis Z. The inset of (**b**) gives the comparison between the theoretical design and the COMSOL simulation.](srep37776-f3){#f3}

![(**a**) The SEM images of the micro lens, and (**b**) the zoom-in of the lens central part.](srep37776-f4){#f4}

![The intensity distribution of the incident azimuthally polarized wave at five different directions with angles of 0, 0.2 π, 0.4 π, 0.6 π, and 0.8 π crossing the beam's center on the lens input surface.](srep37776-f5){#f5}

![The (**a**) 3D and (**b**) 2D color maps of the measured optical intensity on the focal plane; the optical intensity distribution along the (**c**) x-axis and (**b**) y-axis.](srep37776-f6){#f6}

![The optical intensity distribution taken in a large range in the x-direction across the focus center on the focal plane.](srep37776-f7){#f7}
